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1. Introduction 



' This article surveys our ongoing project about the relationship between 

invariants extending the classical Rohlin invariant of homology spheres and 
I those coming from 4-dimensional (Yang-Mills) gauge theory; it will appear 

■ in the Proceedings of the Fields-McMaster Conference on Geometry and 
(-H , Topology of Manifolds. We are mainly concerned with a special class of 

manifolds for which the two types of invariants are defined and can be com- 
pared. This class contains, in particular, manifolds having the homology 
of X 5^. Rohlin's theorem about the signature of closed smooth spin 
4-manifolds gives rise to a mod-2 invariant of a homology x S^. On the 
gauge theoretic side, the invariant is obtained by counting flat connections 
Q I on appropriate bundles. This count is inspired by Donaldson's count 

0^ ' of anti-self-dual connections on SU{2) bundles; its flat analogue was first 

Q ! studied by Furuta and Ohta . 

(<~^ ' The main conjecture towards which this project is directed is that the 

■ Rohlin invariant and the gauge theoretic invariant coincide for homology 
', X S^. The model for the whole discussion is Casson's beautiful theo- 
rem relating his invariant (in its gauge theoretic manifestation as described 

j5 , by Taubes |lSj) and Rohlin's invariant of homology 3-spheres. We will 

discuss the implications of this conjecture for some classical problems in 
low-dimensional topology, and progress we have made towards proving the 
conjecture. This progress includes the verification of the conjecture in some 
^ ■ special cases, a 'surgery' program for approaching the conjecture by expand- 

ing its scope to include a wider category of manifolds, and the verification 
of this expanded conjecture for homology 4-tori. Much of this material is 
contained in our three papers [36, 37, 38| but we have included a broader 
overview as well as some additional examples. 

Acknowledgments. We would like to thank Scott Baldridge for pointing out 
the manifolds described in Section |S1 and Liviu Nicolaescu for his input on 
computing orientations of flat moduli spaces over these manifolds. We also 
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thank Kim Fr0yshov for some interesting conversations related to the mate- 
rial presented in this paper. We express our appreciation to the conference 
organizers for providing such a stimulating environment at McMaster. 

2. The Rohlin invariant 

This section is a review of the homology cobordism group and the Rohlin 
invariant and some of their applications in topology. More information and 
references may be found in the books |43| I42j . 

2.1. Homology spheres. By an (integral) homology sphere we will mean 
a closed oriented 3-manifold S such that //*(S;Z) = Accord- 
ing to the Poincare conjecture, every simply connected homology sphere is 
homeomorphic to S"^. There exist, however, many non-simply connected 
homology spheres, as the following examples demonstrate. 

For any three positive pairwise relatively prime integers p, q, and r, the 
zero set of the complex polynomial + y'^ + is a complex surface which 
has an isolated singularity at the origin. The link of this singularity, 

S(p,(?,r) = {xP + y^ + z" = 0} n 5^ 

is a homology sphere sphere referred to as a Brieskorn homology sphere. 
The Brieskorn homology sphere S(2,3,5) is also known as the Poincare 
sphere. The above construction can be generalized to obtain Seifert fibered 
homology spheres 5](ai, . . . , a,i) for any positive pairwise relatively prime 
integers ai, . . . , a„. 

A more general construction of homology spheres is as follows. Let k be 
a knot in S'^ and q an integer then any manifold + (l/q) k obtained by 
(l/g)-surgery of S along A: is a homology sphere. For example, S(2, 3, 5) can 
be obtained by (— l)-surgery on the left handed trefoil. Not all homology 
spheres can be obtained by this construction; however, if one allows surgery 
along links of more than one component, one obtains all homology spheres 
(and in fact all closed oriented 3-manifolds) . 

2.2. Homology cobordisms. A homology cobordism from a homology 
sphere Sq to a homology sphere Si is a smooth compact oriented 4-manifold 
W with boundary dW = — Sq U Si such that the inclusions S, — > induce 
isomorphisms H^,{Y,i; Z) i?*(VF; Z) for i = 0,1. 

An obvious example of a homology cobordism from a homology sphere 
S to itself is the product W = [0, 1] x S. The mapping cylinder Wr of 
any orientation preserving diffeomorphism r : S ^ S is also a homology 
cobordism from S to itself; note that Wr is diffeomorphic to the product 
[0, 1] X S but need not be diffeomorphic to it rel boundary. 

The first example of a non-trivial homology cobordism was constructed 
by Mazur; his manifold is a simply connected homology cobordism between 
and S(2,5,7). Many more examples of homology cobordisms can be 
obtained by performing surgery along knot and link concordances in [0,1] x 
S^, and by various other constructions. 
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2.3. Homology cobordism group. The relation of being homology cobor- 
dant is an equivalence relation on the class of homology spheres. The set of 
equivalence classes of homology spheres with the operation induced by con- 
nected sum is an abelian group called the homology cobordism group and 
denoted 0^. The inverse element of [S] € 0^ is [— S], and the zero element 
is the homology cobordism class of S"^. 

2.4. The Rohlin invariant. Every homology sphere S is the boundary of a 
smooth compact spin 4-manifold X, whose signature is necessarily divisible 
by eight. Additivity of the signature and the Rohlin theorem (which asserts 
that the signatures of any two such manifolds bounding E can only differ 
by a multiple of sixteen) imply that the quantity 

= - signX (mod 2) 
8 

only depends on S and takes values in Z2 = Z/2Z. It is called the Rohlin 
invariant of S. One can easily see that p defines a homomorphism p : 0^ — > 

As an example, consider the singularity at zero of x'^ + + 2^ = 0. It has 
a resolution X which is a smooth compact simply connected spin manifold 
with boundary S(2,3,5) and intersection form Eg. Therefore, signX = —8 
and /9(S(2,3,5)) = 1 (mod 2). In particular, we see that p : ^ is an 
epimorphism. 

The Rohlin invariant can be defined more generally for pairs (Y, a) , where 
y is a closed oriented 3-manifold and o" is a spin structure on Y. By defini- 
tion, 

pO^, cr) = I sign X (mod 2), 
o 

where X is any smooth compact spin 4-manifold with (spin) boundary 
(Y,a). This invariant takes values in Q/2Z. A homology sphere S has 
a unique spin structure hence it does not show up in the notation /5(S). 

2.5. The structure of G^. The fact that p : ^ Z2 is an epimorphism 
had been the only known general fact about p and 0^ until the early 1980's 
when some progress was made using gauge theory. The Donaldson diag- 
onalizability theorem for the intersection forms of smooth closed oriented 
definite 4-manifolds implies right away that is an infinite group. In fact, 
one can see that S(2,3,5) is an element of infinite order in G^. More ele- 
ments of infinite order were found by Fintushel and Stern using equivariant 
gauge theory. Later Furuta showed that G^ is infinitely generated - in fact, 
Brieskorn homology spheres S(2,3,6m — 1) with m > 1 all have infinite 
order in 0^ and are linearly independent over Z. 

The question of whether G^ has torsion remains open; the latest result in 
this direction is as follows, see ^^1) HDj and [41] . 



4 



DANIEL RUBERMAN AND NIKOLAI SAVELIEV 



Theorem 2.1. Let T, be a homology sphere which is homology cobordant to 
a Seifert fibered homology sphere. If p{T,) is non-trivial then S has infinite 
order in Q^. 

It is not known if all homology spheres are homology cobordant to Seifert 
fibered ones but this is considered highly unlikely. In particular, Fr0yshov 
has an (unpublished) extension of his work on the /i-invariant ^H], which 
seems to give rise to counterexamples. 

Describing the structure of is interesting in its own right but also be- 
cause of its applications some of which are described below, see also Section 
Ol 

2.6. Triangulation conjecture. The triangulation conjecture in dimen- 
sion n asserts that every (closed) topological n-manifold is homeomorphic 
to a simplicial complex. This conjecture has been long known to hold in 
dimensions three and lower. It fails in dimension four, which follows by 
combining Freedman's classification of simply connected topological mani- 
folds and the Casson invariant theory, see Section f3. 51 

The triangulation conjecture remains open in dimensions n > 5. Amaz- 
ingly enough, it is equivalent in these dimensions to a specific question about 
the structure of 0^. Namely, according to a theorem of Matumoto [HOI and 
Galewski and Stern |22j, the triangulation conjecture holds in all dimen- 
sions n > 5 if and only if there exists a homology sphere S of order two in 
having non-trivial Rohlin invariant. Needless to say, no such homology 
sphere has been found; Theorem 12 . II implies that there is no need to search 
among Seifert fibered homology spheres and the homology spheres homology 
cobordant to them. 

2.7. Simply connected homology cobordisms. Every homology sphere 
S is homology cobordant to itself via the product homology cobordism 
[0, 1] X S. This cobordism is not simply connected unless S is. A natu- 
ral question arises whether S can be homology cobordant to itself via a 
simply connected homology cobordism. For some homology spheres the an- 
swer to this question is positive, while for others it is negative. For example, 
there are no simply connected homology cobordisms of the Poincare homol- 
ogy sphere to any homology sphere, not just to itself, see Taubes [IHl- More 
examples of such behavior have been given by Fintushel and Stern |15j . 

It has been conjectured that no two homology spheres with non-trivial 
Rohlin invariant can be homology cobordant via a simply connected homol- 
ogy cobordism (note that the examples of Fintushel and Stern may have 
both trivial and non-trivial Rohlin invariants). 

3. The Casson invariant 

The Casson invariant is an integer valued invariant of homology spheres, 
defined by Casson in 1985. For a homology sphere S, it was defined as a 
'creative' count of SU{2) representations of ttiS, see Akbulut-McCarthy 0. 
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Later, Taubes |3H1 reformulated this original definition in gauge theoretic 
terms using the fact that every SU{2) representation of vriS arises as the 
holonomy representation of a flat connection. 

3.1. Definition of the Casson invariant. Let P — > S be a trivialized 
SU{2) bundle over a homology sphere S and consider the moduli space 
TZ*{Ti) of (gauge equivalence classes) of irreducible flat connections on P. 
After perturbation of the flatness equation Fa = 0, if necessary, the moduli 
space TZ*{T?j is a compact oriented zero-dimensional manifold. Define the 
Casson invariant 

(1) A(S) = i#7e*(S), 

where #7?.*(S) stands for the signed count of the (finitely many) points in 
TZ*{Ti). Making sense of this definition requires a lot of work, which goes 
mostly into orienting lZ*iTi) and choosing proper perturbations. 

3.2. Orientation. We say that A G 7?.*(S) is non-degenerate if H^{Ti] ad A) = 
0. This is equivalent to saying that, for a choice of Riemannian metric on 
S, the elliptic operator 

acting on the space (fi*^ © r2^)($];adP) has zero kernel. If all points in 
TZ*{Ti) are non-degenerate then there are only finitely many of them. The 
sign of ^ G 7^*(S) is defined as (— 1)/^(^) where //(A) is the spectral flow of 
the family of operators i^A(i) along a path A{t) from the product connection 
6 to A. The quantity ii[A) reduced modulo 8 only depends on A and not 
on a particular choice of A{t), and is referred to as the Floer index of A. If 
7^*(S) fails to be non-degenerate, it is perturbed and then oriented using a 
similar procedure. 

3.3. Perturbations. In the degenerate situation, the flatness equation Fa = 
is perturbed into Fa = *V/i, where his a, function on the connections de- 
fined as follows, see Taubes |1HI and Herald [25| . 

A collection of disjoint closed loops embedded in S will be called a 
link. Given a link of n loops, consider n smooth functions fk '■ SU{2) — s- 
M invariant with respect to conjugation, and define h(A) as the sum of 
/jt(holA(7fc))- For analytical reasons, one uses a little more sophisticated 
definition of h{A) obtained by averaging the above over the neighboring 
links. More precisely, thicken the link { 7jt } into a collection of embeddings 
7jt : S"^ X S with disjoint images, and define 

hiA) = f] [ MhoUhkiS^ x{zmr]iz)d''z, 
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where holA(7fc(5'^ x {z})) stands for holonomy of A around the loop 7a:(5'^ x 
{z}), z S D^, and rj is any smooth rotationaUy symmetric bump function 
on with support away from the boundary of and with integral one. 

The moduli space of irreducible solutions of the equation = *V/i is 
denoted by 7^^(11); a point A in this space is called non-degenerate if the 
kernel of the operator + Hess^ h vanishes. It turns out that there exist 
the so called abundant links which have the property that, for any small 
generic functions fk, the moduli space TZ*^{T,) is non-degenerate. The non- 
degenerate space TZ*^{T,) consists of finitely many points. We orient it using 
the spectral flow of the operators i^A(t) + Hess^(j) h as above. 

The class of perturbations described above is large enough for our current 
purposes. We expand this class to include loops with a common base point 
to deal with equivariant aspects of gauge theory in Sections 16.41 and 19.11 
compare with Floer ^HI Sind Herald j26j . 

3.4. Properties of the Casson invariant. The above construction ends 
up in an integer valued invariant A(S) which only depends on S and not 
on the choices made in its definition. We will concentrate on one specific 
property of this invariant, namely, that A(S) = /o(S) (mod 2). To verify this 
property, one traditionally goes back to the original definition of the Casson 
invariant using representations spaces. One proves a surgery formula for 
the Casson invariant in terms of the Alexander polynomial, and then shows 
that the modulo 2 reduction of this formula gives the surgery formula for the 
Rohlin invariant. A more direct proof using the gauge theoretic definition 
of the Casson invariant and avoiding the Alexander polynomial altogether 
will be given in Section [9.11 

3.5. Triangulation of manifolds in dimension four. The existence of 
an invariant A(S) lifting the Rohlin invariant to the integers provides for a 
negative solution of the triangulation conjecture in dimension four. Here is 
a sketch of the argument. 

Let X be a closed topological 4-manifold with intersection form Eg (such 
a manifold exists by Preedman's classification), and suppose that it is home- 
omorphic to a simplicial complex. Without loss of generality, we will assume 
that the links of all vertices in this complex but maybe one are homeomor- 
phic to S^. The link of the remaining vertex, say v, is then a homotopy 
sphere S. Since vriS is trivial, it has no irreducible SU{2) representations 
and hence /o(5]) = A(S) = (mod 2). On the other hand, removing an 
open neighborhood of v makes X into a piecewise linear manifold (which 
is the same as a smooth manifold in dimension four) with boundary S and 
the intersection form Eg. Hence p(S) = 1 (mod 2), and this contradiction 
shows that X could not have been homeomorphic to a simplicial complex. 

The only use for the Casson invariant in this application is that it shows 
that the Rohlin invariant of a homotopy sphere vanishes. This fact can also 
be deduced from the Poincare conjecture. 
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4. The Furuta-Ohta invariant 

Both Casson and Rohlin invariant are generalized in this section to in- 
variants of Z[Z]-homology x S^, which are smooth 4-manifolds satisfying 
certain homological conditions. The cquahty A(S) = p{T,) (mod 2) that we 
had in dimension three becomes a conjecture for these generahzed invariants. 
We explain how this conjecture is related to the triangulation conjecture in 
dimensions five and higher. 

4.1. Homology x S^. A Z[Z]-homology x is a smooth oriented 4- 
manifold X such that H^X; Z) = H^{S^xS^; Z) and H^X; Z) = H^S^; Z), 
where X is the universal abelian cover of X. 

An ample source of examples of Z[Z] -homology x is provided by 
the following operation. Given a homology cobordism W from a homology 
sphere S to itself, form its closure W by identifying the two copies of E 
in the boundary of W by the identity map. The closure W is always a 
Z[Z]-homology x S^. For instance, the closure of the product cobordism 
[0, 1] X E is the product 5^ x E, and the closure of a mapping cylinder 
is the mapping torus X^ = ([0,1] x E)/(0,,t) (l,r(x)). 

Another series of examples is generated by 5^-bundles X —>■ Y over 3- 
manifolds Y with H^{Y; Z) = H^{S^ x S^; Z). These examples were pointed 
out to us at the McMaster conference by Scott Baldridge, as they arise in 
his work on circle actions and Seiberg-Witten theory. An application of the 
Gysin exact sequence shows that, if the Euler class e G H'^(Y;Z) of the 
S'^-bundle generates the group H'^{Y;Z) = Z, the manifold X has integral 
homology of 5*^ x S^. However, the second condition that if*(X;Z) = 
H^{S^;Ij) is only satisfied if iJ*(y;Z) = iJ*(S'^;Z), which is equivalent to 
saying that the Alexander polynomial of Y is trivial. It should be noted that 
there arc plenty of manifolds Y with homology of x S'^ whose Alexander 
polynomial is trivial; for instance, any Y obtained by 0-surgery on a knot in 

with trivial Alexander polynomial (such as untwisted Whitehead double) 
will do. 

More examples come from 2 knots in the 4~sphere, surgery along which 
produces a manifold with the homology of x S^. To satisfy the homo- 
logical condition on the universal abelian cover of this manifold, one would 
start with a 2-knot with trivial Alexander polynomial. Such knots are read- 
ily constructed, for example as the A;-fold twist-spin of a knot whose k-iold 
branched cover is a homology sphere. 

4.2. Extension of the Rohlin invariant. Let X be a Z[Z]-homology 
X and choose an embedded 3-manifold M C X whose fundamental 

class generates Hs{X;Z) = Z. Note that M need not be a homology sphere. 
We define 

p{X) = p{M, a) (mod 2) 

where a is a spin structure on M induced from X. This is a well defined 
invariant of X independent of the choices made in its definition, compare 
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with 35 . For example, ii X = W is the closure of a homology cobordism 
W from a homology sphere T, to itself then p{X) = p{T,) (mod 2). 

4.3. Definition of the Furuta Ohta invariant. Let X be a Z[Z] -homology 
X S"^ and Ai*{X) the moduli space of irreducible ASD connections on 

a trivial SU{2) bundle P — > X. Note that all such connections are flat by 
Chern-Weil theory. 

The formal dimension of M.*{X) is equal to 8c2(P) [X] — 3(1 — bi + 
6^)(X) = 0. After perturbing the ASD equation = if necessary, 
M*(X) is a compact oriented zero dimensional manifold (it is worth men- 
tioning that the perturbed ASD connections need no longer be flat or even 
perturbed fiat). The Furuta-Ohta invariant of X is then defined as 

(3) XFo{X) = \#M*iX), 

where ^M*{X) stands for a signed count of points in M*{X). The com- 
pactness of M*{X) is guaranteed by the condition H^,{X;Z) = if*(S'^;Z), 
see Furuta-Ohta [21 . As with the Casson invariant, the main work goes 
into orienting M*(X) and choosing proper perturbations. 

4.4. Orientation. The moduli space M.*{X) is called non-degenerate if the 
ASD operator 

(4) DA = d\® d+: n\X;cidP) (0° nl){X;adP) 

has trivial cokernel for every A G A4*{X). A non-degenerate A4*{X) is ori- 
ented using the following construction from the Donaldson theory. Let B{X) 
be the space of the gauge equivalence classes of connections on P ^ X, and 
Ax the determinant bundle of the family Da over B{X). This is a real 
line bundle with the property that, over A4*{X) C S{X), it restricts to the 
orientation bundle of A4*{X). According to Donaldson, the bundle Ax is 
trivial over B{X), and a choice of trivialization of Ax given by an orienta- 
tion of /7^(X;M) = M (called homology orientation) fixes an orientation of 
A4*{X). If A4*{X) fails to be non-degenerate, it is perturbed first and then 
oriented using a similar construction. 

4.5. Perturbations. To make sense of the above definition of Xfo{X)j the 
ASD equation = defining A4*{X) may need to be perturbed into 
F^ = (t{A) using admissible perturbations (t{A) G Q'^{X ; ad P) . The latter 
are constructed as follows, compare with Donaldson jl2j . 

Let us consider an embedding ip : ^ X and extend it to an embedding 
Tp : X N"^ X where A^'^ is an oriented 3-manifold. For any connection 
^ in P denote by holA('!/'('S'^ x {x}), s) G SU(2) the holonomy of A around 
the loop ip{S^ X {x}) starting at the point ^{s,x). Let n : SU{2) su(2) 
be the projection given by 

U{u) = n - ^ tr(u) • Id . 
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Assigning Ilho\A{tp{S^ x {x}),s) to 'ip{s,x) e X defines a section of adP 
over ip{S^ X N^). Now, given a form z/ G supported in ip{S^ x A^'^), 

define a section 

by taking tensor product of niiolA(^(5'"^ x {x}), s) witli u over ^'(5'"'^ x N'^) 
and letting it be zero otherwise. 

More generally, consider a collection of embeddings ipk '■ ^ X, k = 
1, . . . , n, with disjoint images, called a link, and extend it to a collection of 
embeddings ipk '■ x X as above so that the ipkiS^ x A'|) are still 

disjoint. For any choice of n smooth functions fi, ■ ■ ■ , fn '■ [—2, 2] — M with 
vanishing derivatives at it 2, define admissible perturbation 

n 
k=l 

where dfk is the function evaluated at tr holA(V'fc(5'"'^ x {x}), s), and are 
real valued self-dual forms on X, each supported in its respective tpkiS^ x 

Given an admissible perturbation a, the set of the gauge equivalence 
classes of irreducible solutions of the equation = a{A) will be denoted 
by A^* (X). There exist the so called abundant links which have the property 
that, for any small generic functions fk, the moduli space A1*(A) is non- 
degenerate (the non-degeneracy condition here means that the cokernel of 
the perturbed ASD operator Q vanishes). Once M.*{X) is non-degenerate 
it is oriented as in Section f4. 41 

The class of admissible perturbations will be expanded in Section flU.71 to 
handle the equivariant gauge theory. 

4.6. Properties of the Furuta Ohta invariant. One can show that the 
above construction ends up in an invariant which only depends on X and a 
choice of orientation of H^{X; M). Note that this invariant can be viewed as 
one quarter of a degree zero Donaldson polynomial of X, except the latter 
is formally not defined for trivial bundles or manifolds with 6^ = 0. 

Next we wish to discuss the factor of one quarter in the definition of the 
Furuta-Ohta invariant (jSJ vs. the factor of one half for the Casson invariant 
The reason for the extra one half is a 2-fold symmetry arising from 
the action of H^{X;Z2) = Za on M*{X). This action can be described as 
follows. 

Let us view x ^ H^{X; Z2) as a homomorphism from ttiX to Z2 = { ±1 }. 
As such, it defines a flat complex line bundle L^. Since x lifts to an integral 
homology class, the bundle Ly. is trivial and hence the bundles P and P ^ Ly. 
are isomorphic. Then x s^cts on M*{X) by assigning to a connection A in 
P the connection A(8)xinP(8>L^ = P induced by A and x- If one views 
A as a representation A : ttiX — > SU{2), the above action is given by the 
formula x{A){g) = x{9)M9) for any g £ vriA. 
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Proposition 4.1. The above action of H^{X;'L2) on AA*{X) is free. 

Proof. Let us view M*{X) as the irreducible part of the SU{2) repre- 
sentation variety of ttiX. Suppose that A : ttiX SU{2) is a fixed 
point of X '■ M*{X) M*{X) then there exists a n G SU{2) such that 
x{9)A{g) = uA{g)u~^ for all g G ttiX. In particular, by applying x twice, 
we see that must commute with the image of A in SU{2). Since A is 
irreducible, this is only possible if = ±1. The case of = 1 should be 
excluded because then u = ±1 and —A{g) = A{g) at least for one g G ttiX, 
which is impossible. Therefore, = —1 and, up to conjugation, u = i. 
This means that j4 is a binary dihedral representation, that is, its image is 
contained in Si U j ■ Si, where Si is the circle of unit complex numbers in 
SU{2). 

The representation A maps the subgroup ttiX = [kiX,ttiX] of ttiX into 
the commutator subgroup of the binary dihedral group. The latter is the 
unit complex circle; in particular, it is abelian. Therefore, the restriction of 
A onto TTiX factors through Hi{X; Z) = and hence A itself factors through 
Hi[X;'L) = TTiX/iTiX = TL. This contradicts the irreducibility of A. □ 

Since the action of H^{X; Z2) on A4*{X) is free, there exists an equivari- 
ant admissible perturbation a such that A^* (X) is non-degenerate and still 
admits a free action of H^(X;7j2), compare with Section [10.71 This action 
is orientation preserving, see Donaldson ^2j, therefore, Xpoi^) is at worst 
a half-integer. In Section |21 we will interpret XpoiW) as a Floer Lefschetz 
number and show that XpoiW) is always an integer. 

4.7. Applications. The main topological applications of the Furuta-Ohta 
invariant stem from the following two conjectures. 

Conjecture 4.2. Let X be a Z[Z]-homology S'^ x S^ then \fo{X) = p{X) 
(mod 2). 

Conjecture 4.3. Let X he a lilZ,] -homology S^ x S'^ which admits an ori- 
entation reversing diffeomorphism inducing an orientation preserving map 
onH^{X;R). Then XpoiX) = 0. 

First, we show how these two conjectures would disprove the triangulation 
conjecture in dimensions n > 5. Recall from Section 12.61 that, in order to 
do that, it would be sufficient to show vanishing of the Rohlin invariant 
of any homology sphere S having second order in 0^. Given such a S, 
consider a homology cobordism W from — S to S so that dW = S U S. 
Identify the boundary components of W using the identity map. Let X be 
an orientable double cover of the resulting non-orientable manifold, then X 
is a homology S^ x S^ admitting an orientation reversing involution which 
induces an identity map on H^{X;W). Conjecture 14.31 now implies that 
XpoiX) = 0, and Conjecture O implies that = p{X) = XpoiX) = 
(mod 2). 



CASSON-TYPE INVARIANTS IN DIMENSION FOUR 



11 



That no two homology spheres with non-trivial Rohlin invariant can be 
homology cobordant to each other via a simply connected homology cobor- 
dism W would follow by applying Conjecture 14.21 to the double of W. 

4.8. Rohlin's invariant and the homotopy x S^. Another applica- 
tion of Conjecture 14.21 is to the surgery-theoretic classification of smooth 
manifolds of the homotopy type of x S^. In summary, if surgery theory 
'worked' in dimension four as it does in higher dimensions, then there should 
exist a fake homotopy x with non-trivial Rohlin invariant. On the 
other hand. Conjecture 14. 21 would mean that there is no such manifold. This 
would imply a failure of exactness of the smooth surgery sequence, namely 
that the L-group L^{Z[Z]) does not act on the structure set of x S^. Al- 
though the existence of non-diffeomorphic, s-cobordant 4-manifolds implies 
that the surgery sequence is not exact for simply connected 4-manifolds, we 
know of no example where the group L^{7j[-ir]) fails to act. 

We will briefly review the surgery calculation, and refer the reader to 
Wall's book [^2] and the excellent survey of Kirby and Taylor [2Hj for fur- 
ther details and references. We remind the reader that we are concerned 
here with smooth manifolds; the tools of surgery theory work better in the 
topological case, and the calculations are somewhat different. In partic- 
ular, any homotopy x S"^ is homeomorphic to the real one. The fake 
smooth x predicted by the surgery sequence would be in a sense the 
simplest possible orientable manifold; the fake RP^ constructed by Cappell- 
Shaneson |^ (see also is also detected by a codimension-one Rohlin 
invariant. 

To understand this prediction, consider the (hypothetical) surgery se- 
quence for the structure set ofY = S^ x S^, 

[^Y,G/PL] L5{Z[Z]) S{Y) [Y,G/PL]. 

The hypothetical part on which we concentrate is whether the map called 7 
giving the action of L5(Z[Z]) on S{Y) is actually defined. (Kirby and Taylor 
j2Sj explain that a stabilized (with respect to repeated connected sum with 
5^ X 5^) version of 7 is defined and fits into an exact surgery sequence for 
a 'stable' structure set S). Since L5(Z) = 0, there are isomorphisms 

L5(Z[Z]) ^ L5(Z) e L4(Z) ^ z 

given by a codimension-one signature, see Shaneson j46j . On the other 
hand, the calculation 

[Sy, G/PL] = [S^ V 5^ V 5^ G/PL] ^ Z2 e z 

and the fact that is a homomorphism, see Wall |52j . reduce the calculation 
of 6 to understanding the 4:- dimensional surgery map 

TTi{G/PL) Li{Z) ^ Z. 
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But an element of n^^G/ PL) is a normal map — > 5^, so that the normal 
bundle of V pulls back from a bundle over 5"^. This implies that V is in fact 
spin, so that Rohlin's theorem tells us that the image of 9 has index 2. 

In other words, if there were a realization of the action of L^{7j[Z]) on 
S{Y) (i.e. if the map 7 existed) then there would exist a nontrivial element 
in S{Y). It is easy to check that there is no self-homotopy equivalence of Y 
realizing this element. Hence the conjectured equality of Furuta-Ohta and 
Rohlin invariants implies that the surgery sequence is not exact. 

The existence of a fake x is of course related to the problem discussed 
in Section [2.71 of finding a simply connected homology cobordism between a 
Rohlin invariant-one homology sphere and itself. For gluing the boundary 
components of such a cobordism would give a homotopy x with non- 
trivial Rohlin invariant. The converse does not necessarily hold, because a 
homotopy x would not necessarily have a homology sphere carrying 
the third homology. Similarly, a homology sphere S with /o(S) = 1 that is of 
order two in (in the strong sense that bounds a contractible mani- 

fold) would give rise to a fake non-orientable manifold homotopy equivalent 
to S^xS^. As in the orientable case, the smooth surgery sequence would pre- 
dict the existence of such a manifold coming from the action of L5(Z[Z^]). 
See Akbulut ^ for a stabilized version of this manifold. 

5. The Floer homology 

Floer jl6j associated with every homology sphere S eight abelian groups 
/fc($]), < A; < 7, called (instanton) Floer homology, which ramify the 
Casson invariant in that 

A(S) = i j;(-l)^rk4(S). 

k 

The definition is as follows. The Floer homology is the homology of the Floer 
chain complex /C^,(S). The free abelian group ICk{Ti) is generated by the 
points A G lZ*{Ti) of Floer index ^{A) = k (mod 8), where the flat moduli 
space 7^*(S) may need to be perturbed first, using admissible perturbations 
of Section f3. 31 to make it non-degenerate. The differential 

9:/Cfc(S) ^/Cfc_i(S) 

is given by counting (perturbed) ASD connections over the cylinder M x S 
with proper boundary conditions. The Floer homology is functorial with 
respect to cobordisms between homology spheres. We will be mostly inter- 
ested in the case of a homology cobordism W from a homology sphere Sq to 
a homology sphere Si. In this case, we have a well defined homomorphism 
: /*(So) — > /*(Si) of degree zero obtained by counting ASD connections 
on a trivial SU{2) bundle over W. Again, the ASD equation may need to 
be perturbed, in which case we use perturbations of the type described in 
Section extended to match perturbations on dW. 
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Let be a homology cobordism from a homology sphere S to itself and 
Wk ■ /fc(S) — > IkC^) the automorphisms induced by W in Floer homology. 
Define the (Floer) Lefschetz number of W by the formula 

7 

Lef(W^) = ^^(-1)'= tv{Wk). 

k=0 

Let W be the closure of W then the usual gluing arguments can be used to 
show that 

(5) Lei{W) = 2\fo{W). 

For example, the product cobordism [0, 1] x S induces the identity map in 
Floer homology and hence Lef ([0, 1] x S) = 2A(S); on the other hand, the 
closure of the product cobordism is x S, therefore, Xfo{S^ x S) = A(S). 
An extension of this calculation to mapping tori will be discussed in Section 

m 

Proposition 5.1. For any homology cobordism W from a homology sphere 
S to itself, the Lefschetz number Lef (W) is even. 

Proof. The homomorphism VF* commutes with the u-map of Fr0yshov |18j . 
The result now follows because the u-map provides isomorphisms (over the 
rationals) /fc(5]) = 1^+4(5]) for all k. □ 

Together with Prop osition 14 . 1 1 this implies that the Furuta~Ohta invariant 
of the Z[Z]-homology 5^ x of the type X = W is always an integer. 
For manifolds of this type. Conjectures 14.21 and 14.31 can be reformulated as 
follows. The first conjecture asserts that 1/2 Lef (W) = p{X) (mod 2) or, 
equivalently, that the modulo 2 reduction of 1 /2 Lef [W) is independent of 
the choice of W . The second conjecture asserts that Lef {W) = ^ \i W 
admits an orientation reversing diffeomorphism. 

Since all Z[Z]-homology 5^ x S'^ that arise in applications described in 
Section [4. 71 are of the type X = W, proving the above two conjectures about 
Lef (W) would suffice for those applications. However, it is far from clear 
that an arbitrary Z[Z]-homology x (or even a homotopy x as 
discussed in Section f4. 8(1 can be built in this fashion hence the full strength 
Conjectures 14. 21 and 14. 31 mav be needed for applications described in Section 
Ol 

6. Mapping tori 

Let S be a homology sphere and r : S ^ S an orientation preserving 
diffeomorphism. Recall that the mapping torus of r is the smooth 4-manifold 
X-r = ([0,1] x S) /{0,x) ~ (l,r(x)) with the product orientation. In this 
section, we give explicit formulas for Xpoi^r) in the case of finite order r; 
note that the theory has a rather different character depending on whether 
r has fixed points or not. Our formulas first express Xpoi^r) in terms of 
the equivariant Casson invariant, and then identify the latter as a linear 
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combination of the (regular) Casson invariant and certain classical knot 
invariants. We use these explicit formulas to verify Conjectures 14.21 and 14.31 
for the mapping tori of finite order diffeomorphisms. 

6.1. The definition of the equivariant Casson invariant. Let r : S — > 

S be an orientation preserving diffeomorphism of finite order. It induces a 
map T* : TZ*{T,) TZ*{T,) via pull back of flat connections. Let TZ'^{T,) be 
the fixed point set of r*. After perturbing the flatness equation Fa = 0, if 
necessary, TZ'^{T,) is a compact canonically oriented manifold of dimension 
zero. We define the equivariant Casson invariant as 

A-(S) = i#7e-(S), 

where #7^^(5]) stands for the signed count of points in 

As we see, the definition follows closely that of the (regular) Casson in- 
variant; however, there are a few important differences. First, the non- 
degeneracy of 7^'^(S) at a point A means vanishing of the equivariant co- 
homology group H^iTi; ad A), which may be strictly smaller than the group 
if^(5];ad^). Therefore, we can use equivariant perturbations as in to 
achieve non-degeneracy of 7U{T?) without achieving non-degeneracy of the 
full moduli space 7^*(S) (the latter should not be expected anyway because 
of the equivariant transversality problem). The equivariant perturbations 
in question are first constructed on the quotient manifold S/r by applying 
the procedure of Section [3. 31 to a link 7^ in S/r, and then lifted to S. 

Second, the space 7^'^(S) is oriented using the equivariant spectral flow, 
which is the spectral flow of the operators ((2)) restricted to the subspace 
of {Q^ © r2^)(S,adP) invariant with respect to the induced action of r. 
This spectral flow may well be different from the spectral flow used to orient 
7^*(E); in short, the natural inclusion TU{Tj) — >■ TZ*{Ti) is not necessarily 
orientation preserving. 

6.2. Furuta Ohta vs. equivariant Casson. This section is dedicated 
to expressing the Furuta-Ohta invariant for mapping tori of finite order 
diffeomorphisms in terms of the equivariant Casson invariant. We give a 
brief outline of the proof here and refer the reader to our paper |37j for all 
the details. 

Theorem 6.1. //r : S ^ S has finite order then \fo{^t) = '^^(S)- 

Proof. First observe that all solutions of the equation F'^ = on X^- are 
fiat by Chern-Weil theory. A flat connection over is pulled back to a 
flat connection over S via an inclusion X^^ and this pull back map 

defines a two-to-one map A4*{Xr) — > TZ'^{Ti). The latter can be easily seen 
by interpreting fiat connections as representations of respective fundamental 
groups. We have a splitting exact sequence 

> 7ri(S) > Tll{Xr) > Z > 0. 
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Let t be a generator of 7L then every irreducible representation A : 7ri(X^) — > 
SU{2) determines and is uniquely determined by the pair (a, u) where u = 
A{t) and a = i* A : vriS — SU{2) is an irreducible representation such that 
T*a = Man""*^ (in particular, the conjugacy class of a belongs to 7^'^(S)). 
Replacing u by — u in the above gives rise to a new representation 7ri(X^) 
SU (2), which in fact is simply the image of A under the action of (X; Z2) 
on JV[*[Xr). This results in a two-to-one correspondence between 
and TU{Ti). Moreover, a direct calculation with cohomology shows that 
H^{Xr;a.dA) = i/i(S;adrA). 

Let us assume for the moment that TV(Ti) is non-degenerate. Then so 
is M*{Xt), and to prove the identity Xpoi^r) = -^^(S); we only need 
to show that the above identification of the moduli spaces is orientation 
preserving. This can be achieved by first interpreting the orientation on 
M*{Xt-) in terms of the orientation transport of a family of ASD operators 
DA{t)i see Nicolaescu jHSl- Next, the orientation transport can be identified 
with the orientation given by the equivariant spectral flow along the path 
i*A{t) by expanding forms on X^ into Fourier series in the direction of 
and comparing the spectra of operators -Dyi(t) and compare with 

Atiyah, Patodi and Singer 

Another way to compare the orientations is by viewing Xr as an (orbifold) 
S^-bundle over the quotient manifold S/r. One can apply adiabatic limit 
techniques to this situation; after that the result will follow from the fact 
that the equivariant spectral flow on S equals the (regular) spectral flow on 
the quotient E/r. 

Finally, if 717 iTi) fails to be non-degenerate, perturb the flatness equation 
Fa = into Fa = *V/i where h is lifted from a perturbation h' on S/r. 
According to 111, there are enough such perturbations to make TZ^lT?) non- 
degenerate. Next, perturb the ASD equation F'^ = into F'^ = (j{A) where 
<j{A) is the self-dual part of the 2-form *V/i' pulled back to Xj- via the 
projection X^- — > S/r. Note that (t[A) is of the type described in Section 
14.51 with N'^ = S""*^ X D^. One can verify that there still exists the two- 
to-one correspondence A^*(Xt-) lZ\{Yi) between the perturbed moduli 
spaces, and that the perturbations a as described above are sufficient to 
make M*^{Xr) non-degenerate. The latter essentially follows by comparing 
the abundancy concepts for the two types of perturbations and using the 
equality H"^ [Xt-; A) = H].{^]a.(ii* A) of the respective Zariski tangent 
spaces. □ 

6.3. Equivariant Casson: non-free actions. Let r : S ^ S be an ori- 
entation preserving diffeomorphism of finite order n, and suppose that the 
fixed point set of r is non-empty. Then the quotient manifold S' = S/r is 
a homology sphere, and the projection E — > S' is a branched covering with 
branch set a knot k <zTi' . The following is proved in Collin-Saveliev 
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Theorem 6.2. In the situation described above, the equivariant Casson 
invariant is given by the formula 

^ n— 1 

A-(S) = n.A(S') + - sign"^/"(A;), 

m=0 

where sign" (A;) is the Tristram-Levine equivariant knot signature, defined as 
the signature of the Hermitian form (1 — e^'^*")5 + (1 — e^^'^*")S'*, for any 
choice of Seifert matrix Sofk. 

Proof. The proof proceeds by pushing equivariant flat connections from S 
down to singular connections over the quotient S' and using Herald's theo- 
rem [21] which asserts that an appropriate count of the latter connections is 
a certain linear combination of A($]') and equivariant knot signatures. □ 

Corollary 6.3. Let r : S — E 6e a finite order orientation preserving 
diffeomorphism having fixed points then Xpoi^r) = pi^r) (mod 2). 

Proof. This is equivalent to showing that A'^(S) = p{T,) (mod 2) which fol- 
lows from Theorem 16.21 by standard techniques of geometric topology, see 
for instance Viro j5Uj . □ 

6.4. Equivariant Casson: free actions. In case r acts freely on E, the 
quotient S' = S/r is a homology lens space. It is easy to see that T,' can be 
obtained by {n/q)-surgery on a knot A; in a homology sphere Y where n is 
the order of r and q is relatively prime to n. The following is proved in our 
paper P?7] . 

Theorem 6.4. In the situation described above, the equivariant Casson 
invariant is given by the formula 

^ n~l 

A-(S) = n ■ X{Y) + - ^ sign-/"(fc) + | A'^(l), 

m=0 

where A,t(t) is the Alexander polynomial of k <Z Y normalized so that 
Afc(l) = l and Ak{t) = Ak{t-^). 

Proof. The proof proceeds by pushing equivariant flat connections from S 
to the homology lens space S' and identifying the count of the latter con- 
nections with a sum of invariants of the type discussed by Boyer-Nicas jT] 
and Boyer-Lines [S]. Note that these invariants are different from Walker's 
invariant [SJ in that they only count irreducible flat connections over S'; 
their gauge theoretic definition is implicit in work of Cappell, Lee and Miller 
[01 . An application of surgery formulas and Herald's theorem on equivariant 
knot signatures [251 completes the proof. □ 

Let Yn be the n-fold cyclic cover of Y branched along k. Observe that Yn 
is a homology sphere and that S is obtained by (l/q')-surgery on Yn along 
a lift kn of k. Combining Theorem 16.41 with Theorem 16 . 21 we see that 

A-(S) = A-(y„) + |A','(l). 
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Since we already know that \^{Yn) = p{Yn) (mod 2), see Corollary EHl we 
will be able to conclude that A'^(S) = p{T,) (mod 2) once we verify the 
following result, see |37] . 

Lemma 6.5. Let Y be an integral homology sphere and tt : Yn ^ Y its 

n~fold cyclic branched covering with branch set a knot k. Let kn be the knot 
7r~^(/c) in Yn- If Yn is an integral homology sphere then &Ti{kn) = arf(A;) 
(mod 2). 

Corollary 6.6. Let t : 12 ^ T, be a free finite order orientation preserving 
diffeomorphism then Xpoi^r) = pi^r) (mod 2). 

6.5. Orientation reversal. Corollaries 16. ^-il and 16.61 verify Conjecture 14.21 
for the mapping tori Xj- of finite order diffeomorphisms r : S ^ S. To 
verify Conjecture I4.l-{l for such mapping tori, observe that any orientation 
reversing diffeomorphism / : Xj- Xr which preserves homology orienta- 
tion can be viewed as a diffeomorphism / : —Xr Xr preserving both 
orientation and homology orientation, so that XFoi~^T) = Xpoi^r)- On 
the other hand, since —Xr is the mapping torus of the orientation preserv- 
ing diffeomorphism r : — S — > — S, we conclude that Ai?o(~^r) = A'^(— S) 
by Theorem 16.11 The equivariant Casson invariant changes sign with the 
change of orientation, therefore, Xfo{—Xt) = — A'^(^) = —XpoiXr) and 
thus XpoiXr) must vanish. 

7. Examples 

In this section, we give examples of finite order maps r : S ^ S for which 
the Furuta-Ohta invariant and the Floer Lefschetz number can be computed 
explicitly using methods described above. An interesting observation is that 
the map (Wr)* ■ /*(S) — >■ /^.(S) induced by the mapping cylinder Wr of r 
need not be identity even when r acts trivially on the representation variety 
7^*(S). This has to do with the fact that (Wr)* is defined using a count of 
ASD connections over Wr with signs which are not determined solely by the 
fundamental group. 

7.1. Akbulut cork. By Akbulut cork we mean the smooth contractible 
4-manifold W obtained by attaching a two-handle to x along its 
boundary as shown in Figure E It can be embedded into a blown up elliptic 
surface E{n)^{—CP'^) in such a way that cutting it out and re-gluing by an 
involution on S = dW changes the smooth structure on E{n)^{—CP'^) but 
preserves its homeomorphism type, see Akbulut [2] and Gompf and Stipsicz 

m- 

The involution r : S — > S simply interchanges the two link components, 
k\ and k2] this is best seen when the link is drawn in a symmetric form as 
in Figure 121 

The manifold S' = S/r is obtained from by surgery on the knot k* 
which is the image of the link ki U A;2 , see Figure El Note that the canonical 
longitudes of k\ and /c2 project onto a longitude of k* whose linking number 
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Figure 2. Figure 3. 

with k* equals one. The dotted hne in Figure 01 represents the branch set 
/c of S — 5- S'. This picture can be viewed as a surgery description of the 
knot fc in E' = A httle exercise in Kirby calculus shows that k can 
be obtained from the left-handed (5, 6)-torus knot on six strings by adding 
one full left-handed twist on two adjacent strings. The signature of k can 
differ by at most two from the signature of the left-handed (5, 6)-torus 
knot, which equals 16. Since sign k must be divisible by eight, we conclude 
that sign/c = 16. Therefore, \fo{^t) = -^^(S) = 2 by Theorem 16.21 and 
Lef {Wr) = 2 • \Fo{Xr) = 4, see ©. 

In fact, the latter formula provides enough information to describe the 
map (WV)* : — According to the Floer homology of S 

is trivial in even degrees, and is a copy of Z in each of the odd degrees. 
Therefore, r* : — s- /fc(^) is necessarily plus or minus identity for each 
k. Since the Lefschetz number of t^, equals 4, this implies that (WV)* is 
minus identity. 

It is worth mentioning that the character variety of S is non-degenerate, 
and that the action induced by r on TZ*(Ti) is a non-trivial permutation, see 

m- 

7.2. Seifert fibered homology spheres. Let S(ai,...,a„) be a Seifert 
fibered homology sphere viewed as a link of singularity, and r the involution 
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on it induced by complex conjugation. It makes II(ai, . . . , a„) into a double 
branched cover of with branch set a Montesinos knot k. A straightforward 
application of Theorem l6.2l shows that both Xpoi^r) and (1/2) Lef (Wr) are 
equal to 1/8 sign/c, which is also known as the //-invariant of S(ai, . . . , o„), 
see Neumann (32, and Siebenmann As a side note, we mention that 

the homology cobordism invariance of the //-invariant, shown with the help 
of the orbifold Seiberg-Witten theory, is the main tool in proving Theorem 

o 

As a rule, the //-invariant of S(ai, . . . , a„) differs from its Casson invari- 
ant, which indicates that the action : /*(S(ai, . . . , a„)) — > /*(S(ai, . . . , a„)) 
is non-trivial. With an extra effort, this action can be described explicitly. 
According to Fintushel-Stern the group /fc(S(ai, . . . , a^)) is trivial if k 
is even, and is a free abelian group of rank, say, if k is odd. The following 
is proved in 

Theorem 7.1. The map : /fc(S(ai, . . . ,an)) — > /fc(S(ai, . . . ,a„)) is iden- 
tity if k = 1 (mod 4) and minus identity if k = —1 (mod 4). 

The character variety of any Seifert fibered homology sphere with (no 
more than) three singular fibers is non-degenerate, and one can show that 
the action induced on it by r is trivial, see |4Uj . The same is true for 
any number of singular fibers after one perturbs the character variety using 
equivariant perturbations as in |45j . 

8. Circle bundles 

In this section we describe another class of Z[Z]-homology x for 
which both Conjectures 14.21 and 14.31 have been verified; it turns out that in 
all of these examples, both invariants Xpo and p vanish. As mentioned in 
Section 14. H these examples were pointed out to us by Scott Baldridge. 

8.1. The manifolds. Let y be a closed oriented 3-manifold having integral 
homology of x S^, and denote by A(t) its Alexander polynomial normal- 
ized so that A(l) = 1 and A{t~^) = A(t). Every manifold Y as above can 
be obtained by 0-surgery on a knot /c in a homology sphere S; the Alexander 
polynomial of Y then equals the Alexander polynomial of A; C S. 

Let TT : X — > y be an 5^-bundle classified by its Euler class e G H'^iY; Z) = 
Z and assume that e = 1. Then one can use the Gysin exact sequence to 
show that X has integral homology of 5"^ x S*^. To ensure that X is a Z[Z]- 
homology x S*^, the universal abelian cover X should have homology of 
S^; this is equivalent to having A(t) = 1. These are the manifolds X that 
we will study in this section. 

8.2. Calculating p{X). Recah that p{X) = p{M,a) where M C X is an 
embedded 3-manifold representing a generator in if3(X;Z) and a is the 
induced spin structure. A calculation with Gysin exact sequence shows that 
M can be obtained by taking a surface S carrying H2{Y; Z) and then taking 
its preimage in X, which is of course a circle bundle over S. The spin 
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structure on X can be described as follows. There is an exact sequence of 
bundles 

> V > TX > Tr*TY > 

where V is the vertical tangent space. This induces a bijection between spin 
structures on Y and those on X. Thus the induced spin structure a on M 
is given by taking a spin structure on Y (either one will do) and restricting 
to S, and then using the same exact sequence to get a spin structure on M. 

To calculate the Rohlin invariant p{M, a), consider the disk bundle W — > 
S with Euler class 1, whose boundary is M. The manifold W is not spin 
but we still obtain 

p{M,a) = (signTF - S-S)/8 + arf(5) = arf(5) (mod 2), 

where arf (5) is the Arf-invariant of the induced spin structure. Since the 
Alexander polynomial of Y vanishes, we conclude that arf(5) = 0. 

8.3. Calculating Xpoi^)- In this section, we find it convenient to work 
with 50(3) flat connections rather than with SU{2) ones. The two set- 
tings are equivalent due to the presence of a free orientation preserving 
H^{X; Z2) action on A4*{X) whose quotient is the S0{3) flat moduli space 
A4*{X, SO{3)). Note that this remains true after a small generic equivari- 
ant perturbation a making M*(X) non-degenerate, see Pr op osition 14 . 1 1 and 

Section rrrm 

Without loss of generality we will assume that tt2{Y) = 0. The homotopy 
exact sequence of the 5^-bundle it : X ^ Y then implies that ttiX is a 
central extension of ttiY by the integers, 

1 > Z > TTiX TTiY > 1. 

Let be a generator in Z then every irreducible representation A : vriX — > 
50 (3) has the property that A{h) = 1. Therefore, we have a natural iden- 
tification vr* : 7^*(y,50(3)) ^ M*{X,SO{?,)) where 7e*(y,50(3)) is the 
5*0(3) character variety of ttiY . 

This identification induces an isomorphism TT* : H^{Y;a.dA) H^{X]a.d'K* A) 
of Zariski tangent spaces, which is easily seen from the Gysin exact sequence 

> H^{Y;adA) H^iX-adir* A) > H^{Y;&dA) > 

after one notes that H^{Y\ ad A) vanishes because A is irreducible. Thus the 
moduli space M.* {X, SO{'i)) is non-degenerate if and only if TZ*{Y,SO{?>)) 
is. Should the non-degeneracy fail, both 7^*(y,50(3)) and 7W*(X,50(3)) 
need to be perturbed. This can be done in a consistent manner as in the 
proof of Theorem lG.ll so that the pull back of connections via tt : X ^Y still 
provides a bijective correspondence between the perturbed moduli spaces. 
To show that this correspondence is orientation preserving, one can use 
adiabatic limit techniques, see Nicolaescu j34j. 

Thus Xfo{^) equals one half times the signed count of points in the 
(perturbed) moduli space 7^* (K, 50(3)). In computing the latter, we will 
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rely on the papers [25 and [SIl, to which we refer the reader for all the 
details. 

View Y as the result of 0-surgery on a knot in a homology sphere S. Let 
Z = 'E\N(k) be the knot k exterior, and m and i be the canonical meridian 
and longitude on the torus dZ. Then the dual torus V = TZ{dZ, U{1)) has 
coordinates (99, ip) such that the holonomies along m and I are equal to 
exp^iip) and exp^itp), respectively. The inclusion dZ Z induces a natural 
restriction map from a double cover of TZ{Z,SU{2)) to V whose image, C, 
is generically an immersed curve. Moreover, since Afc(t) = 1, this image 
consists of finitely many circles. 

Let us consider the splitting n*{Y, 50(3)) = 7^S(y, SO{3)) U ni(Y, 50(3)), 
where TZl^{Y, SO{3)) stands for the moduli space of irreducible flat connec- 
tions on an S0{3) bundle P having W2{P) =we H^(Y;Z2) = Zg. Up to 
an overall constant, the signed count of points in TZl(Y, SO{3)) equals the 
intersection number of C with the circle 1^ = 71 and hence equals A^(l) = 0. 
Similarly, the signed count of points in TZ^iY, 50(3)) equals, up to an over- 
all constant, the intersection number of C with the circle ip = 0. Since the 
circles 1^ = and ip = tt are homologous in V, this intersection number is 
again equal to A'^'(l) = 0. 

9. A GENERAL APPROACH TO THE CONJECTURES 

To prove Conjecture 14.21 we would like to carry out a surgery program 
similar to the program showing the equality A(S) = /9(S) (mod 2) in three 
dimensions. Many essential features of that proof, like reliance on Heegaard 
splittings and the Alexander polynomial, are not easily transferable one 
dimension higher. Therefore, our first step is giving a purely gauge theoretic 
proof of A(S) = /o(S) (mod 2), see (3S1- This proof is briefly described in 
Section f9. 11 After that, we outline a surgery program in dimension four for 
proving Conjecture 14.21 The final step of this program, the calculation of 
the degree zero Donaldson polynomial for homology tori, is now complete 
(modulo some technical issues) , see Section E3 while intermediate steps 
require a lot of work. 

Verifying Conjecture 14.31 amounts to comparing the Puruta-Ohta invari- 
ants for a Z[Z]-homology x with two opposite orientations. We only 
know how to prove this conjecture in the situation when the ASD moduli 
space A4*{X) is non-degenerate; the general case is still out of our reach. 

9.1. Homology 3 tori and the Casson invariant. The Casson invariant 
has the property that A(S) = p{T,) (mod 2) for any homology sphere S, see 
Section 13.41 The traditional proof of this property involves several steps. 

The first step takes us back to the original definition of the Casson in- 
variant in terms of Heegaard splittings. This step relies on Taubes' theorem 

m 

In the second step, surgery formulas are used to express the Rohlin and 
the Casson invariants in terms of their first, second and third difference 
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quotients, see [2] or [331- The third difference quotients, /o"'(S) and \"'{Y), 
are invariants of a manifold Y having integral homology of the 3-torus (or 
a homology 3-torus, for short). Since the surgery formula for the Rohlin 
invariant happens to be the modulo two reduction of the surgery formula 
for the Casson invariant, showing that A($]) = (mod 2) amounts to 

verifying that X"'{Y) = p'"{Y) (mod 2). 

According to Kaplan |27j . the invariant p"'{Y) equals the determinant of 
Y defined as det Y = (ai U a2 U 03) [Y] (mod 2), where oi, 02, as is a basis 
in H^(Y;Z2). The final step is then proving that \"'{Y) = detY (mod 2). 
This is accomplished by using the interpretation of Casson's difference quo- 
tients in terms of the Alexander polynomials of links. 

Our approach eliminates the first step of the above program and hence 
the need for Taubes' theorem. Instead, we directly apply the Casson surgery 
formula, which in gauge theoretic terms is an easy corollary of the Floer exact 
triangle, see |17j and jH]. This expresses A(S) in terms of third difference 
quotients X"'{Y) where X"'{Y) now equals a proper count of flat connections 
on an SO (3) bundle over Y with a non-trivial second Stiefel- Whitney class 
w (the invariant X"'(Y) does not depend on the choice of u; 7^ 0). 

The final step of the proof, that is, showing that X"'{Y) = dety (mod 2), 
is done gauge-theoretically along the lines of our proof of Theorem ll0.21 We 
refer the reader to [SHI for all the details. 

9.2. Round surgery. We would like to carry out a similar program in 
dimension four. The idea is to follow the above proof step by step in a 
category of 4-manifolds X over S^, and reduce Conjecture 14.21 to the result 
about Z[Z]-homology 4-tori proved in Theorem 110.21 

More precisely, a 4~manifold over is a smooth closed oriented mani- 
fold X of dimension four with a preferred cohomology class a S H^{X]'Z). 
There are obvious notions of cobordism and surgeries of manifolds over S^. 
Roughly speaking, we want to think of our 4-manifolds as 'looking like' 
they are the product of with a 3-manifold, and thus the surgeries al- 
lowed should look like they are really given by times a surgery on the 
3-manifold. This brings into our discussion the concept of round surgery 
defined by Asimov ^ . A four-dimensional round handle of index /c is a pair 

attached to a manifold with boundary. There are obvious notions of round 
handle decompositions, round surgeries etc. Asimov j4| showed that the 
existence (in dimensions at least four) of round handle decompositions is 
governed by the Euler characteristic. From this it is not difficult to prove 
the following result. 

Proposition 9.1. Let X be a smooth 'L[L]-homology x . Then X may 
he obtained from x S*^ via a series of round surgeries of indices 2 and 3. 

Unfortunately, the intermediate stages in the resulting cobordism might 
not have well defined Rohlin invariants (and their gauge theory invariants 
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are not so good either). The problem would be rectified if we could make 
the intermediate stages look like times a 3-manifold. To accomplish this, 
we need to restrict the kind of surgeries we allow. The restriction is in terms 
of the degree of the round surgery, which is by definition the integer (a, S^). 
If the degree of a round surgery is ±1, then we can define appropriate gauge 
theoretic and Rohlin invariants, and then try to compare them. Thus we 
need to strengthen Proposition 19. II to say that X can be obtained by a series 
of round surgeries, each of which has degree ±1. 

This strengthening, although it sounds fairly innocent, seems to be very 
difficult to accomplish, and indeed there may need to be some modifica- 
tion in the program which we now describe. Assuming that there is some 
strengthened proposition along these lines, here are some ideas on how we 
might obtain a proof of Conjecture 14.21 Except for the very last one, each 
of the steps in this outline still has many details to be filled in. 

The main point is that there seem to exist surgery formulas for both 
Rohlin and Furuta-Ohta invariants for round surgeries of degree ±1. These 
have a form that one might expect by thinking about surgery on times 
a 3-manifold. Namely, different framings for a surgery on X give rise to 
manifolds Xi and Xq, where Xi has the same homology as X, and 6i(Xo) = 
bi{X) + 1. (The notations are supposed to suggest +1 and surgery on a 
3-manifold, respectively). Both the Rohlin and the Furuta-Ohta invariants 
of X can be written as the sum of invariants for Xq and Xi. As in the 

3- dimensional theory, we need to have a direct verification that the two 
invariants coincide for manifolds with sufficiently large 6i; it turns out that 
6i = 4 is as far as we need to go. We have actually carried out this final 
step; in the next section we define the Rohlin and Furuta-Ohta invariants 
for homology 4-tori and outline our theorem that they in fact coincide. 

10. Gauge theory on homology tori 

We study the degree zero Donaldson polynomial for Z[Z]-homology 4-tori 
and relate it to a properly defined Rohlin invariant. A similar result holds 
for homology 3-tori, which leads to a purely gauge theoretic proof of the 
fact that the Casson invariant of a homology sphere reduces modulo 2 to its 
Rohlin invariant, compare with Section [9. 11 

10.1. Z[Z]— homology 4— tori. By Z[Z]-homology 4-torus we mean a closed 
oriented smooth spin 4-manifold X such that H^{X;'L) = H^{T'^;7j) and 
H^{Xa]1i) = H^{T'^;7j), where Xa is the infinite cyclic cover of X corre- 
sponding to a choice of primitive element a G H^{X;Z). The intersection 
form of X on the second cohomology is always isomorphic to the sum of 
three copies of the hyperbolic 2-form; however, the cup-product on the first 
cohomology of X may vary. Let ag, ai, a2, and 03 be a basis in H^{X;7j2) 
then det X = (oq U ai U 02 U 03) [X] (mod 2) is independent of the choice 
of ao, oi, 02, and 03 and is called the determinant of X. A Z[Z]-homology 

4- torus X is called odd if detX = 1 (mod 2), and is called even otherwise. 
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There are any number of ways to construct Z[Z] -homology 4-tori; for 
instance, any homology 3-torus times a circle is a Z[Z]-homology 4~torus. 
In turn, an ample source of homology 3-tori is surgery on any 3-component 
link with zero framing matrix as in Figure EI The Z[Z]-homology 4-torus 
51 X (3#(S^ X 52)) is even while the torus = 5^ x is odd. 




Figure 4. 

Another interesting family of examples of Z[Z]-homology 4~tori is ob- 
tained by the following construction. View as a trivial T^-bundle over 
and consider two embedded disks Da and Df, in the base T^, see Figure 




Figure 5. 

Cut out Da X and D^ x and glue them back using automorphisms 

{a,x,y) {a'' x'^~^ , ax , y) on dDa x T^, 

(5, X, y) x-"-^, bx, y) on dD^ x T^. 

If q is odd, the resulting manifold is an odd Z[Z]~homology 4-torus which we 
denote by r^(g, — g). It is a double branched cover of a log-transform of the 
Kummer surface with exceptional curves blown down. In fact, T^(g, —q) = 
X T^{q, -q), where T^{q, -q) is the surgery on the link shown in Figure 

m 

It is not necessarily the case that a Z[Z] -homology 4-torus is a product 
with S^. Examples of this can arise from the round surgery construction 
discussed in Section 19.21 Gluing round 2-handles along a collection of em- 
bedded disjoint 2-tori, if done right, will result in a Z[Z]-homology 4-torus. 
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10.2. The Rohlin invariant. Let X be a Z[Z]-homology 4-torus with spin 
structure a, and let a G H^{X; Z) be a primitive element such that the cyclic 
cover Xa X corresponding to a : ttiX ^ Z has integral homology of T"^. 
Let M C X be Poincare dual to a and define the Rohlin invariant 

p{X,a,a) = p{M,a) (mod 2) 

using the induced spin structure (T on M. Complete a to a basis a, xi, X2, X3 E 
H^{X;Z2) and define 

P{X, a) = P^^' a,a + x). 

xGSpan{xi,X2,X3} 

Theorem 10.1. The invariant p{X,a) is well defined and p{X,a) = detX 
(mod 2). 

We refer the reader to our paper j38j for a complete proof of this theorem. 

10.3. The Donaldson invariant. Let X be a Z[Z]-homology 4-torus, 
P ^ X an SO(3)-bundle with pi{P) = and W2{P) 7^ 0, and gsu{2) 
the group of automorphisms of P that lift to SU{2). The space M{P) of 
ASD connections on P modulo 0311(2) has formal dimension —2pi{P) [X] — 
3 (1 — 6i + 6^)(X) = 0. The condition W2{P) 7^ implies that all connections 
in M.{P) are irreducible, and it follows from the Chern-Weil theory that all 
of them are actually flat. 

After perturbing the ASD equation = using a generic admissible 
perturbation a as described in Section 14.51 we obtain a perturbed moduli 
space M.a{P) which is a compact oriented manifold of dimension zero, com- 
pare with Donaldson ^^l- The degree zero Donaldson polynomial is defined 
as 

Po(X,P) = #X.(P). 

An alternative approach to the definition of T)q{X,P), which we employ in 
j38j . is via U{2) bundles and projectively ASD connections with fixed central 
part. 

In order to state our main result about T>q(X, P), we need to impose two 
extra hypotheses. One is a mild technical restriction on the bundle P : we 
assume that there exists ^ G H^{X;Z2) such that W2{P) U ^ 7^ (note that 
this condition is automatically satisfied for odd Z[Z]-homology 4-tori). The 
other hypothesis is needed because, at present, we have some unresolved 
issues in completing the proof of the existence of equivariant perturbations, 
see Section flO. 71 We assume that 

(*) there is an equivariant generic admissible perturbation that makes 
the ASD moduli space into a smooth 0-manifold. 

We are quite confident that the ideas briefly sketched in Section 110.71 will 
show that hypothesis (*) is always satisfied. 
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Theorem 10.2. Under the above restriction on the bundle P (and, for the 
moment, hypothesis (*)), the invariant T)q[X, P) is divisible by four and 

^Vo{X,P) =detX (mod 2). 

Note that the formula of Theorem I1U.2I need not hold over the integers. 
For instance, VQ{T^{q, —q), P) is equal to ±4(7^ if P is a pull back from 
T^{q, —q), and to ±4 otherwise, see jHH]- It is also worth mentioning that, 
in the spirit of Witten's conjecture relating Donaldson and Seiberg-Witten 
invariants. Theorem 1 1 . 2 1 is consistent with the result of the first author and 
S. Strle |39j on the (mod 2) evaluation of the Seiberg-Witten invariant for 
homology 4-tori. The main result of this paper is that the Seiberg-Witten 
invariant of the Spin'^ structure associated to a spin structure on a homology 
4-torus X is congruent to detX modulo 2. 

10.4. A sketch of the proof of Theorem 110.21 Let us assume for the 
moment that the moduli space A4{P) is non-degenerate. Let Gso{3) be the 
full gauge group of automorphisms of P, then we have the exact sequence 

1 — > Gsu(2) — ^ ^50(3) — ^ H^{X; Z2) — > 1 

so that the moduli space ^A{P) is acted upon by H^{X; Z2) and its quotient 
is the moduli space A4{P) of Gso{3) equivalence classes of ASD connections 
on P. This action is a complete analogue of the action described in Section 
EM 

The action of H^{X; Z2) = (^2)^ is orientation preserving, see Donaldson 
[T^ . therefore, in order to compute ^^{X^P)^ one can count not individual 
points in Ai{P) but rather their orbits. From this point on, we will proceed 
by showing that there are no orbits of orders one or two, so that (1/4) • 
Vq{X,P) (mod 2) equals the number of the 4~orbits (because the eight- 
and the sixteen-orbits do not contribute to the above count). 

If the moduli space Ai[P) fails to be non-degenerate, it is perturbed 
using an admissible perturbation a which is equivariant with respect to the 
action of H^{X; Z2). Achieving non-degeneracy of A4a-{P) using equivariant 
perturbations is not an easy task, see Section flO. 71 but once it is done, the 
above counting argument can be applied to Ma{P) to complete the proof. 

10.5. The holonomy correspondence. To do an actual count of the four- 
orbits, we take advantage of the fact that the connections in A4{P) are 
flat and hence can be interpreted algebraically using the holonomy map. 
More precisely, let W2{P) = w & H'^{X;Z2) then the usual holonomy corre- 
spondence identifies the moduli space A4{P) with a compact subset of the 
character variety TZ{X, S0{3)), which we call TZw{X, S0{3)). The proper 
algebraic tool for lifting this correspondence to the covering A4{P) A4{P) 
is projective representations. 

A map p : ttiX — > SU{2) is called a projective representation if p{gh) = 
c{g,h)p{g)p{h) where c{g,h) belongs to Z2 = {±1} viewed as the center of 
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SU{2). The 2-cocycle c defines a cohomology class [c] € -ff^(7riX;Z2) such 
that [c] = W2{sidp). Here, t(;2(adp) stands for the second Stiefel- Whitney 
class of the flat 50(3) bundle with holonomy adp, and the above equality 
makes sense after we identify H'^{7riX; Z2) as a natural subset of H^{X; Z2). 
In general, H'^{'KiX; Z2) is not equal to H^{X; Z2) ; this minor point needs 
a separate treatment, see (38] , 

Define VTZc {X; SU{2)) to be the set of conjugacy classes of projective 
representations p with fixed c. It is acted upon by H^{X;Zi2) by the rule 
{a,p) a ■ p. According to the holonomy correspondence A^(-P) — > 
7^u,(X,S'0(3)) lifts to a bijective correspondence M{P) VTZc {X,SU{2)) 
so that we have the following commutative diagram 

M{P) Vnc{X,SU{2)) 
ad 

M{P) n^{X,S0{3)) 

where both vertical arrows are the quotient maps by the action oi H^{X; Z2). 
This interpretation of A4{P) in terms of projective representations allows 
for a precise description of the four-orbits. 

10.6. The four— orbits. Let a, 6 € H^{X;7j2) be two different non-trivial 
elements stabilizing p G VTZc {X , SU {2)) . The argument from the proof of 
Proposition 14. II when applied simultaneously to a and b shows that, possibly 
after conjugation, imp C (5j U j • Si) n {Sj U k ■ Sj) = {±l,±i,±j,±k}. 
Equivalently, imadp C Z2 ® Z2 C 5*0(3) where the latter inclusion is given 
by (A, B) — A ® B ® A ■ B. The same argument can further be used to 
show that the action of H^{X; Z2) on VTZc {X, SU (2)) does not have orbits 
of orders one or two. 

Thus the set of the four-orbits is in a bijective correspondence with 
the set of representations adp : ttiX SO{3) which factor through a 
subgroup Z2 © Z,2 of 50(3), modulo 50(3) conjugation. Every such a 
representation induces representations a, (5 : ttiX — s- Z2, which can be 
viewed as cohomology classes a,/3 G H^(X;Z2). This identifies the set 
of the 4-orbits with Aq H^{X; Z2), the set of decomposable elements in the 
second exterior power of H^{X;'L2). A straightforward calculation gives 
W2{aud p) = aU P G H'^{X; Z2), hence the set of the four-orbits with fixed w 
can be identified with the preimage of w under the map 

U : Al H\X;Z2) H^X; Z2). 

It is an exercise in algebraic topology to show that, under the hypotheses 
of Theorem 110. 21 the above map is a bijection if detX is odd and is zero if 
det X is even. 

10.7. Perturbations. The above argument only applies as stated if the 
moduli space ^A{P) is non-degenerate, otherwise, ^A{P) needs to be per- 
turbed first. It turns out that the four-orbits are always non-degenerate and 
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remain such after a small enough perturbation, so the argument of Section 
llfl.6l counting the four-orbits goes unchanged. Thus the eight- and sixteen- 
orbits are the only ones that are perturbed. As of this writing, some details 
of what is briefly described below remain to be completely verified. 

We define our perturbations a using holonomy around loops tpk as in 
Section 14.51 In the equivariant setting, we have to address two new issues. 
First, we need to make a equivariant with respect to the H^{X; Z2) action; 
this is done by requiring that = [tpk] G Hi{X;Z2). Next, we need to show 
that these equivariant perturbations are generic, that is, there are enough 
of them to make Ma^P) non-degenerate. Perturbations along disjoint loops 
as in Section [4.51 are sufficient if the action of H^{X;7j2) is free; otherwise, 
one may need more general perturbations. We refer the reader to the forth- 
coming revision of for all the details. 

It is worth mentioning that, since the quotient space of A4{P) by the 
H^{X; Z2) action is the SO{3) moduli space M.{P), the equivariant pertur- 
bation theory described above is essentially the 5*0(3) perturbation theory. 
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